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ctness in semantics for merge and fair merge

de Bakker & J.I. Zucker "

ACT

An analysis of the role of compactness in defining the semantics of the merge
‘air merge operations is provided. In a suitable context of hyperspaces (sets of
its) a set is compact iff it is the limit of a sequence of finite sets; hence,
ictness generalises bounded nondeterminacy. The merge operation is investigated
le setting of a simple language with elementary actions, sequential composition,
'terministic choice and recursion. Metric topology is used as a framework to
m both a linear time and a branching time semantics to this language. It is
shown that the resulting meanings are compact trace sets and compact processes,
sctively. This result complements previous work by De Bakker, Bergstra, Klop &
:. For the fair merge, an approach using scheduling through random choices is
:ed - since a direct definition precludes the use of closed, let alone of compact
In the indirect approach, a compactness condition is used to show that the

merge of two fair processes yields a fair process.
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'RODUCTION

‘n the last few years we have seen a remarkable increase in the importance of
)gical tools in denotational semantics. Topology has always played a role in

s domain theory (for a recent example see Scott [25]; much information is

ned in the comprehensive volume Gierz et al. [15]). An extension of its area
>lication was initiated by Nivat and his school (e.g. Arnold & Nivat [4,5],
[21,22]) who use metric techniques, especially when dealing with the study of
‘te words and infinite computations. Further recent evidence for our observation
yvided by papers such as Arnold [3] or Smyth [26].

The present paper is devoted to two case studies concerning the role of compactneas
nantics. We adopt the metric approach, continuing the above mentioned inves-—

~ons of Nivat et al., and, furthermore, our own work as described in De Bakker &
- [8,9], De Bakker, Bergstra, Klop & Meyer [7], and De Bakker & Zucker [10].
specifically, we take as starting point the latter two papers, and investigate
>le of compactness in the development of linear time and branching time semantics
language with recursion and merge, and of the definition of fair merge based
appropriate alternation of random choices.

3efore going into somewhat more detail about the aims and achievements of our

, we make a few remarks on the role of metric topology and compactness in general.
ical denotational semantics - in particular when concerned with sequential

imming - has relied primarily on order structures {lattices, complete partially
>d sets, etc.). As a consequence of the vigorous current interest in concurrency,
lestions have arisen for which an approach solely in terms of order is not

sarily the most convenient one. Semantics of concurrency requires the preservation
cermediate stages of the computation in order to deal with bhenomena such as
leaving, synchronization etc. In the simplest case they appear as traces, i.e.
ibly infinite) sequences of elementary actions. Two traces, e.g. abcd, abce,

10 natural order relation, but a distance can be conveniently defined for them:
e 2_3, or, in general, 2—n+l’ where n 2 1 is the first position where the

1ces differ. Distances can be defined as well for sets of sequences, and appro-

> limit considerations can be based on well-known metric tools.

Compactness is a generalization of finiteness. In fact, it can be seen as a

t counterpart of the familiar property of bounded nondeterminacy in sequential
ational semantics (see, e.g., De Bakker [6]; Apt & Plotkin [2] discuss the

ts of lifting the boundedness condition). More specifically, we shall develop
slogical framework in which it is the case that a set is compact iff it is

imit of a sequence of finite sets. Compactness is a desirable property since
preserved by various operations. For example, continuous mappings preserve
ctness, a result which turns out to be quite fruitful below. In many situations,

ctness is a direct consequence of the finiteness of the alphabet of elementary




ctions which underlies the model at hand. Our paper does not impose this finiteness
ondition; more effortis then needed to obtain certain compactness results.

In the first part of the paper, we are concerned with a simple language L which
eatures, besides elementary actions a,b,c,..., fundamental concepts such as sequential
omposition (SI;SZ)’ recursion, nondeterministic choice (S] USZ)’ and merge (SIHSZ’

enoting arbitrary interleaving of the elementary actions of S, and SZ)' In [7] we

ave provided a detailed semantics for this language based on ; combination of cpo-
nd metric-techniques. We distinguish the so-called '"linear time" (LT) and "branching
ime" (BT) semantics for L, adopting a terminology inspired by the model theory of
emporal logic. The crucial difference between LT and BT is illustrated by the
ifference between the treatment of the two programs (asb) v (Eﬁh) and a; (buo).

1 LT, both have as meaning the trace set {ab,ac}. In BT we obtain, respectively, the

rees

and

1us preserving the difference in the moment of choice between the two cases.
achnically, in BT we do not require left-distributivity of ";", over "u". Moreover,
5 a consequence of our wish to impose commutativity and idempotence of choice

5,US, =S,uUS
21727 %27 %
rees. Instead, we need another notion, viz. that of process (first described in a

and SuUS=S5) as a feature of our model, we cannot, in general, use

:tric setting in [8,9]). A process is like an unordered tree, but without repetitions
1 its successor sets. Also, processes are closed objects: they contain all their

imit points, in a sense to be made precise below. In [7] we have used a cpo structure
1 trace sets for LT, and (closed) processes for BT. What we shall present below is
metric approach for both cases, based on compact trace sets for the first, and on
ompact processes for the second case. Besides a certain uniformity obtained in

s5ing the metric approach throughout, we also circumvent the restriction to a finite
lphabet which was imposed at certain essential points in the development in [7] (in
airticular in theorem 2.10 of that paper). The results of part 1 can be summarized

35 follows: For each S € L, its LT semantics ﬂS]L is a compact set, and its BT
:mantics HSHB is a compact process. Moreover, there exists a continuous mapping

"qce which maps HS]B to HSBL. An important technical role is played by a theorem of
ichael [19] which can be paraphrased (in the context of hyperspaces) as "a compact
1ion of compact sets is compact'.

The second half of the paper is devoted to an analysis of fair merge. Consider,
.g., two sequences 0“ and 1% (aw denotes an infinite sequence of a's). Their fair
:rge excludes all sequences (OlJ])*(OwL)lw), i.e., sequences with, eventually, only
:ro's or ones. Hence, the resulting set cannot be closed (since it does not contain
1 limits of sequences of finite approximations), let alone compact. Thus, a direct

proach based on compactness does not work. In [10] we have instead proposed an




ect approach based on "implementing" fairness through suitable alternation of

m choices (continuing an idea of Plotkin [23]; random assignement is also used

sively in Apt & Olderog [1]). What we shall do below is to present a proof - not

ded in [10] - that the fair merge of two fair processes (defined as in [10]) is

. fair. In the argument an essential role is played, once more, by a compactness

rty of the processes involved.

The organisation of the paper is as follows: You are now reading section O which
the introduction. In section 1 we briefly describe some of the topological

ms and results which are necessary for the development below. Section 2 presents

nnounced result for LT semantics, and section 3 for BT semantics. Section 4,

ly, is devoted to the fair merge.

Besides the already mentioned literature, we would like to refer to the papers

1son and Rounds [16], and Rounds [24], which are also concerned with the use

tric topology in general, and the role of compactness in particular, in the

itics of concurrency. Processes in general have been studied extensively by

r, e.g. [20]; the algebra of processes is pursued by Bergstra & Klop, e.g.

2].

'POLOGICAL PRELIMINARIES

We assume known the notions of metric space, Cauchy sequence (CS) in a metric

., isometry (distance-preserving bijection), limits and closed sets, completeness
metric space, and the theorem stating that each metric space (M,d) can be

eted to (i.e., isometrically embedded in) a complete metric space. Throughout
vaper, we shall only consider distances d with values in the interval [0,1].

.cit mentioning of the metric d is often omitted.

We first present the standard definitions of continuous and contracting functions:

IITION 1.1.
:t M1 s M2 be two metric spaces. A function ¢: M1 +M2 is called continouos whenever, for
ich CS <x;>. o in M] , we have that <¢ (Xi)>i=0 isacCSin M2, and ¢(11mixi) = 11mi tb(xi) .

2t ¢: M > M. We call ¢ contracting whenever, for each x,y e M, d(¢(x),¢(y)) < cxd(x,y),

>r some constant ¢ with 0 < ¢ < 1.
.1-known classical result is Banach's fixed point theorem:

EM 1.2. Let ¢: M > M be contracting. Then ¢ has a unique fixed point x satisfying

. i
Amg ¢ (xo), for any X, € M. g

‘M,d) be a complete metric space. (It simplifies matlers to assume completeness
now on; certain definitions or ¢laims made below would, in fact, remain valid

»ut this requirement.) For X,Y ¢ M we can define the so—called Hausdorff distance

1):




[ION 1.3. Let x,y € M and X,Y c M.
Y) = lnfer d(x,y)
\Y)

max(sup___ d(x,Y), sup_ _ d(y,%))
xeX yeY

wention, inf ¢ = 1, sup @ = 0.)

l.4. Let PC(M) be the collection of all closed subsets of M. Then (PC(M),E)
:tric space. Moreover, (if M is complete) (PC(M),E) is complete, and, for
1 CS in PC(M), we have that

lim, X, = {x|x = 1lim, x,, x, € X,, <x,>, a CS in M}.
i7i i i i i i7i

For the first part see, e.g., Engelking [14]., The second statement is due to
71.

:xt, we introduce the important notion of compactness. Also, the definition of

reing totally bounded is given.

'ION 1.5.
ibset X of M is called compact if each open cover of X has a finite subcover.
. for each € > 0 and x € M, Ns(x)cg'{y | d(x,y) < €}. A subset X of M is

.ed totally bounded if, for all ¢ > 0, there exists a finite set F < M such th

Xc U NE(X).
xeF

.lowing theorem characterizes compactness in a number of different ways:

I 1.6. For any X < M, the following are equivalent:
i compact
. closed and totally bounded

i the limit (in the Hausdorff metric) of a sequence of finite sets.
Standard topology (see [13] or [14]1). [
lowing properties of compact sets are important in the sequel:

1.7,

. closed subset of a compact set is compact

continuous image of a compact set is compact. I.e., if ¢: M = N is continuous
M is compact, and $(X) df. {¢(x) | x € X}, then $(X) is compact.

cM, Yc N, Xand Y compact, then X XY is ¢ompact in the product topology for M x N.
X;>; is a CS of compact sets in M, and X = limi Xi, then X is compact.

a,b,c. Standard.

each i there is a CS of finite sets <Y, '>j such that Xi = 1imj Yi . Then

) »]
the limit of the diagonal sequence <Yi 70 hence, X is compact. [
b




The next property of compact sets may be somewhat less well-known. It is due
ichael ([19]). Let, for (M,d) a complete metric space, (Pcomp (M),E) be the
> of compact subsets of M, equipped with the Hausdorff metric. (By theorem 1.7c

10w that (Pcomp (M),d) is complete.) We have

REM 1.8. Let Xi’i € I, be compact subsets of M, and let {Xi [i € I} be compact in

p (M),E). Then X df. U {Xil i e I} is compact in (M,d).

F.'See [191. O

We now specialize our considerations to spaces of sequences and sets of sequences.
. . . . 3 *
\ be a, possibly infinite, alphabet with elements a,b,c,... . Let A be the set
. . w e e
11 finite sequences over A, let A" be the set of all infinite sequences over A,

let A” df.

A* U Aw. Let X,¥,... denote elements of Am. The prefix of x ¢ Aoo of
th n will be denoted by x[n] (with the convention that, e.g., abc[5]=abc; abel0]
1e empty word). The distance d(x,y) for x,y € A" is defined by

d(x,y) = ,~max{n | x(n] = y[nl}
1 the convention that 2 = 0).
PC(Am) denote the class of all closed subsets of A . The distance d on A” can be
aded to the Hausdorff distance E on PC(Aw) in the manner described above. Alter-
vely, we might define

d(x,y) = 27 max{n | Xn] = Y[nl}

> X[n] = {x[n] | x € X}. We omit the straightforward proof that the two definitions
are equivalent.
It is known (e.g. Nivat [21]) that,in case A is finite, A" and (hence) all its
ad subsets are compact. This is no longer the case for an infinite alphabet A.
in certain situations — of which we treat the case that we are concerned with
ots of A" which are meanings of statements in some suitable language - can we
n establish compactness. The next two sections are devoted to an exposition of

, and a similar, result.
INEAR TIME SEMANTICS

We study the semantics of a simple language L, which features some standard
ential concepts (sequential composition, recursion) together with nondeterministic
ce and merge (arbitrary interleaving). In the present section we present the LT
ntics for L, in which we do not distinguish between, e.g., the meanings of

U asc and 3}(Epg). In section 3 we shall deal with its BT semantics. Let a,b,..e

lements of a, possibly infinite, set A of elementary actions. We assume that for




:ach (syntactic) a we have a corresponding (semantic) a in the alphabet A. Let
e elements of a set of statement variables Stmv. The variables X,y willbe use
he formation of recursive or u-statements. The syntax for L is given, in a se

xplanatory BNF notation, in

EFINITION 2.1.
S ::= E|§|31;Sz|51 u 52|81"82|u§£51-

ere x is required to occur only guarded (see remark below) in S.
zamples: (alb) u (ale), uxl(a;x) v b1, uxlazuyl(bsy)lx] u cl.

emarks.

Syntactic ambiguities should be remedied by using parentheses or convention
the priorities of the operations.

(For the reader who is not familiar with the u-notation) A term such as
ux[(a3x) U b] has the same intended meaning as a call of the procedure decla
(in an ALGOL-like language) by P « (a;P) u b, or, alternatively, generates
same language of finite and infinite words as the grammar X - EXIE:

. In a term ux[S], occurrences of x in S may be '"guarded", i.e. of the form
...a3;(...x...)..., for some a € A. We shall consider only terms ux[S] in wh
occurrences of x are guarded. In [7] we have dealt, in a cpo setting, with
the consequences of dropping this restriction. In language theory, the equi

notion is the "Greibach condition", see e.g. [211].

We proceed with the devetopment of the LT semantics for L. In this, we us

etric (rather than the cpo framework of [7]). Let, for brevity, C stand for

(Aw). We shall assign meaning to statements S € L as elements of C. Due t

comp

resence of recursion, we employ an environment component in.the defining equat
. . . . . dt.

hich serves to assign meaning to the free statement variables in S. Let T £

nd let y range over T,

We first discuss the definitions of the basic operations on X,Y g_Aw. We

he obvious fact that, for each x ¢ Am, X = 1imi x[i]. We assume known the def

f x.y and xly for x,y € A" (see, e.g., [18]). We give

EFINITION 2.2. Let x,y € A, X,Y c A”.
. Xy = 1imi (x[i1.y[iD)

xlly lim, (x[1My[i])
. XY ={x.y|xeX,ye X}

X U Y is the set-theoretic union of X and Y

XMy = U {xly | x € X, y € Y}.




k. Direct definitions - which avoid the use of CS and limits - for x.y and
ith x,y € A are also possible. We omit the proof that definition 2.2a yields

alent results.
ve the following lemma:

. 2.3,
e sequences <x[i].y[i]>i and <x[i]"y[i]>i are CS of finite sets.

y and xly are compact.

. a, Left to the reader (who might consult Appendix B of [9] for very similar

ts).

1"mn
.

e this is trivial; for xly it follows from part a and theorem 1.7d. [

‘hree operations .,u,l are continuous:

. 2.4, The operations .,u,l are continuous mappings: A" x A” » Pcomp (A”y.

2

Omitted (cf. for techniques of [9], AppendixB). [
in now prove the central theorem of this section:

\EM 2.5. For X,Y compact subsets of A", X.Y, XuY and XIY are compact subsets of

ol

", .n

. For "u" this is trivial. The proof for "."

ll" "

is simpler than that for , which

w give. Let X,Y be compact subsets of N By theorem 1.7c, X x Y is compact in

NS By the continuity of "l" as mapping: A” x AT > Pcomp (A”) (lemma 2.4) and
:em 1.7b, we have that I(X,Y) df. {xly | x € X, y € X} is a compact subset of
)(Am). Thus, H(X,Y) is a compact subset of Pcomp (A”) consisting of "points"

| are compact subsets of A”. We can therefore apply Michael's theorem and obtain

I(x,Y) = U {xly|xe X, y € Y} is a compact subset of N,
We are now sufficiently prepared for the main definition of this section:

IITION 2.6. LT semantics for L.
napping [ BL:1.+ (r » C) is defined by
) = {al}, [x](y) = v(x),

L0 () = 18,1, (n).I8,1, ()

S0, = [8,1, () v Is,]; (1)

L0000 = 18,1, (0 1S, 1

>]BL(y) = 11mi Xi’ where X. is arbitrary, and Xipp = HSBL(Y{Xi/E})

0

che last formula, Y{Xi/g} denotes an environment which is like y, but for its

» in x which is set to Xi')




We verify that this definition assigns a compacf set as meaning to each S ¢ L:
THEOREM 2.7. For each S ¢ L HSBL(Y) e C,

Proof. Induction on the structure of S. If S = a or S = X, the result is clear. If
S = Sl;SZ, S = S, US,orss= SIHSZ’ we use theorem 2.5. If S = uEﬁslj we use the
fact - the easy proof of which we leave to the reader - that, for x guarded in Sl’
AX.[SIHL(Y{X/EJ) is a contracting mapping: C - C, From this we obtain that <Xi>i
is a CS;anappeal to theorem 1.7d then yields the described result. [J

Thus, we have shown compactness of HSHL(y) independent of the finiteness of
A. We also observe that, by Banach's theorem, for guarded ux[S] we have that its
neaning equals the (unique) fixed point of AX.[s] (v{X/x}), in accordance with the

intended meaning of the recursive construct ux[s].

3. BRANCHING TIME SEMANTICS

We follow [7,8,9] in the design of a branching time semantic framework for the
language L as introduced in section 2,.with the replacement of "closed" by "compact"
it certain crucial points as major difference.

Let A be any (finite or infinite) alphabet. Let P, denote the so-called nil-
)rocess — the role of which will become c¢lear as we go along. The first definition

-ntroduces sets of finite processes over A, and associated metrics on these sets:

JEFINITION 3.1. For n = 0,1,... we define sets Pn and metrics dn on Pn'
= {pO} v Pfinite (A)<Pn)

is defined as follows: let p,q ¢ Pn+

By = {pghs Py,

i dO(p,q) =03 dn
Either

+1 1°

(1) p=4q=py. Thend  ,(p,q) =0

(ii) p = Py» 4 # Py or vice versa. Then dn+](p,q) =1,
(iii) p =X < A x Pn’ q=YcAx Pn. Then dn+l(p,q) = dn+](X,Y),WMere dn+]is the

Hausdorff metric (definition 1.3) induced by the distance En+l between

"points" <a',p'>, <a",q'> defined by

an+l(<a"P'>’<a",Q'>)

1, if a' # a"
=2d_(p',q"), if a' = a",

. f. . . . .
e now consider the set Pw df Un Pn of all finite processes, together with the metric

= Un dn (with the natural definition of Un dn)' (Pw’d) is a metric space which can

e completed to a complete metric space, say (P,d). We can show that

HEOREM 3.2,

P = pg) U P (AXP).




This is as in [9], but for the modification that

2 use compact sets instead of closed sets throughout

2 use the theorem that a CS of compact sets has a compact limit (rather than-
ahn's theorem that a CS of closed sets has a closed limit, which was fundamental

n[90). O

ext, we define the three fundamental operations @, U, | for processes. Apart
cosmetic change in the definition of "d", these definitions are as in [7,8,91].
hout, we distinguish the finite case (p,q € Pw) and infinite case (pe P\Pw or
Pw). Moreover, we (implicitly) use induction on the degree of the processes

ned, where, for p € Pw, degree (p) is given by: degree (pO) = 0, and, for p # Pg>

(p) = n iff p € Pn\Pn—l'

TION 3.3. Let X,Y range over sets of finite processes.

p =p, Xop = {x0p | x ¢ X}. <a,q>0p = <a,qop>, (1imi qi)Op = 1imi (inp)
Py =Py VP =P and, for p,q # Py P UG is the-set theoretic union of p and q.
p = p"po = p, and, for p,q # Pys We put

= {xlY|x e X}u {xly|y e ¥},

q>lY = <a,qlly>, Xl<a,p> = <a,Xlp>

m, pi)“(limj qj) = lim, (p;lqp).

sing a combination of the techniques of Appendix B of [9] and the compactness
ties of section 1 (but note that we do not need Michael's theorem here), we
stify the above definitions, and prove that the three operations ©0,u,ll are
uous. It is now straightforward to define the branching time semantics for L.

be as in theorem 3.2., and let T = Sfmv - P.

TION 3.4. The valuation H.HB: L » (r -~ P) is given by

) = {<a,py>t, [xl(v) = v(x)

1(v) =[s,1() o [s,0;(v), and similarly for u,l

B . . . ~

HB(Y) = lim, P> where p, is arbitrary, and p, , = HSHB(Y{pi/E})'

oof that, for each S ¢ L, HSHB(y) € P can now be given exactly as that of
m2.7.

inally, consider the mapping trace studied in [7]. We define trace: P » C by

TION 3.5.
(py) = {e}, trace (X) = u {trace (x) | x € X}~
(<a,p>) = a. trace (p),

(limi pi) = 1imi (trace (pi)).

it was shown that, for each S ¢ L without free statement variables and each v,
race (HSHB(y)) = HSHL(y), provided the underlying alphabet is finite (and using
servation that HSBB(Y) # @ for each such S). Inspectionof the proof of (%)




1ows that it can be taken over, but with an appeal to the finiteness of A (used in
7] to establish that trace (p) is a closed set) replaced by suitable use of the above

)mpactness results. Details are omitted.

. FAIR MERGE

This section is devoted to a study of fair merge of processes. A similar analysis
in be made. for the fair merge of trace sets; we leave this to the interested reader.
; remarked above, a dZrect definition of fair merge in terms of closed (let alone
»mpact) sets seems not possible. Therefore, we use anindirect approach in which we
>del fair merge in terms of a scheduling mechanism which employs a sequence of
indom choices determining successively the (finite) number of times the left— and
tght operand of the fair merge operation should be chosen. (See also [10] for further
:planation of this idea.) The indirect definition uses an extended domain of pro-

:sses, viz. P solving the equation
P = {pO} v Pclosed ((AuN) xP)

1ere N is the set of natural numbers. Note that we have Pclosed (.) rather than

(.) in this equation. We shall use B df. A U N, and b to range over B.
:ompact

ir first definition introduces some terminology:

IFINITION 4.1.
df.
Iy P - {<k,pk>| k ¢ N}

A process I is called a "sum process'.

k Pk
. A basic process is one of the form {<a.,p.>}.
1’71 "1el

. A path for a process p is a (finite or infinite) sequence (x): <b1,p]>, <b2,p2>,...
such that <b],p1> € p, and <bi+l’pi+l
passes through P> i=1,2,...

> € Py i=1,2,....Wesaythat path (%)

. An "action" b is called "enabled" in a path (*) whenever, for some i and q,
<b,q> € P, - b occurs is (*) whenever, for some i, b = bi'

. A path (%) is called fair whenever, for all a € A, if a is infinitely often enabled
in (#), it infinitely often occurs in (*). Aprocess is called fair whenever all its paths
are fair. (Only actions in A are taken into account in the definition of fairnmess.)

. Process q is a node of p - also called a subprocess of p - if there is a path from
p which passes through q.

. We call a process p normal if each node of p is either a basic node, or a sum node,
or py-.

. p 1is called pure (or hereditarily basic) if each node of p is a basic node or P+

. p is called hereditarily compact if each basic node of p is compact (as a subset
of P).




11

ks.

te that, inclause i, we impose the compactness requirement only for basic nodes.
e theory below will be developed for hereditarily compact, normal processes
CN processes, for short).

e set HCN is closed in P.

A is finite then each pure process is heriditarily compact, and hence in HCN.

merge will be defined for all normal processes, and it takes normal processes to
1 processes. But to show that fairness is preserved by fair merge, we must also
e hereditary compactness. That is, as we will show, fair merge takes fair HCN

sses to fair HCN processes.

ITION 4.2 (fair merge). For p,q finite we define, by induction on degree (p) +
e (q), their fair mergep“fq,usingzanumberofauxiliaryoperationsp"xq,for
sL3R3L,k;R, k.
<« Po = Pl P =p.
herwise, assume p,q # Py

= {< Il
g 9= 52 Pl ek U <2ken, el oady
Lt @ 105 p'ly > | <bp'> e pl
L,0 q = {<b, p'"R q> | <b,p'> € pl.

elN’

R 4= Iy (p"R’k q),

he symmetric cases for c,d and e.

k. In order to extend the definitions to infinite processes, we must show that

operations are continuous.

4.3.d(Z pys Ty q) = gxsup dlpy,q,).

. Clear. O

4.4, For finite p,p',q,

dlpl g, p'l_q) < d(p,p").
This is proved simultaneously for all x, by induction on n df. max(degree (p),
2 (p')) +degree (q). For fixed n, prove for x in the following order: L,0; L,k+1; L; R,0;
3 R; £, and use the results of [9], Appendix B. [

4.,5. For finite p,p',q,q"'

d(pl_qa, p'l_q") < max(d(p,p'),d(q,q")).

This follows from lemma 4.4 together with the symmetric result, and the strong

zle inequality (since d is in fact an ultrametric). [J

> are justified in defining:




'ION 4.6. For p,q infinite, p = limipi, q = 1iquj, P; and qj finite, we put

I = lim, (p.l q.).
Pl 4 11m1(p1 qu)

wofs of the following lemma's are now direct (and omitted):

t.7. The statement of lemma 4.5 also holds for infinite processes. Hence, the

.ons ""X" are jointly continuous in both arguments.
+.8. The fair merge takes normal processes to normal processes.

+.9. Clauses a,b and e in the definition of fair merge (definition 4.2) hold
v infinite processes, but clauses c,d are changed (for infinite processes) tc
K14 = cL{...}

0d = cL{...}

te closures of the sets on the right-hand side above.

+.10. If p,q are in HCN then
the clauses in the definition of fair merge hold for p and q

[ 1s in HCN.

a. Consider clause c or d of definition 4.2. Let X be the set on the right-
.de of the definition. If p is a sum node, then it is clear that X is closed,
Iny two points in it are a distance | apart. If p is a basic node then it is
:, hence X, being a continuous image of p, is compact and hence closed.

r. 0O

ider should observe the essential role played by the compactness requirement
proof of part a.

: can now prove the main theorem of this section:
{ 4,11, Let p,q be fair HCN processes. Then p“fq is fair.

Let path, be any infinite path in p"fq. By lemma 4.10 it can be seen that pat

0

(uniquely) represented as the '"fair shuffle" of two paths path, in p and path

1
‘airness for patho now follows by a simple argument: For suppose that a basic

a is enabled infinitely often in path,.: Then clearly a is enabled infinitely

o

n path] or pathz. Suppose without lack of generality a is enabled infinitely

n path]. Because p is fair, a occurs infinitely often in pathl, and hence in
0

> the role of the closedness property in the first claimof this proof: Without the
iess of the X on the right-hand size of clauses c,d (see proof of lemma 4.10)

.d have to take into account the possibility that nodes added by the closure
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ion are involved in the formation of path, rather than path. being the (direct)

0 0

wffle of paths in p and q.

reader may wonder whether the above argument would also work with the ordinary
is defined in section 3, in which case we would not have to concetrn ourselves

imm nodes at all. In fact, it would not work. The reason is, roughly, as follows.
ind q be two heriditarily compact pure processes, and let patho be a path in

zain, by lemma 4.10, path. can be uniquely represented as a shuffle of two

0

path} in p and path, in q. Suppose that a is infinitely often enabled in path

2
>pose, for definiténess, that a occurs only in nodes of p (not of q). It does

0

Llow that a is enabled infinitely often in path]. This is because path, may be

0

air" shuffle of path, and path, and, from a certain point onwards, may involve

1 2
nly, in which case a, although infinitely often enabled in patho, never gets
:e to be enabled in path1 again past this point.

tain HCN processes are clearly '"degenerate"

from our point of view, namely those
1ing infinite paths which, from some point on, contain only sum nodes. We
>xclude such processes explicitly from consideration, since we are only really
1ed with processes which arise from finitely many applications of the fair merge
ion to pure heriditarily compact processes. However the set of these processes
closed in P. (Whether this is an important consideration is not so clear.)

>pic for further research is the combination of the techniques of this section

10se of section 3, allowing the definition of the semantics of L extended with

ir merge operation.
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